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Abstract
The flexibility of biological propulsors such as wings and fins is believed to contribute to the
higher performance of flying and swimming animals compared with their engineered peers. Flex-
ibility seems to follow a universal design rule that induces bending patterns at about one-third
from the distal tip of the propulsor’s span. However, the aerodynamic mechanisms that shaped
this convergent design and the potential improvement in performance are not well understood.
Here we analyze the effect of heterogenous flexibility on the flight performance of tumbling wings.
Using experiments, numerical simulations, and scaling analysis, we demonstrate that spanwise
tip flexibility that follows this empirical rule leads to improved flight performance. Our findings
attribute this improvement to flutter-induced drag reduction. This mechanism is independent
of the wing’s auto-rotation and represents a more general trait of wings with non-uniform tip
flexibility. We conclude by analyzing the effects of both spanwise and chordwise non-uniformity
on the flight performance of tumbling seedpods.
Introduction
Flight and swimming in the animal kingdom involves the periodic motion of appendages providing
thrust and lift. Unlike their engineered counterparts, most animal propulsory appendages are
flexible [1]. In a recent study, flexibility was found to follow a potentially universal rule: flexibility
occurs at about two-third of the propulsor’s span [1]. Although the reason of this well-defined ratio
is not yet known, it has been hypothesized that bending has beneficial effects on the aerodynamics
of the appendage.
Owing to the difficulty of performing in-vivo studies, mechanical models are typically used
to assess the effect of flexibility on propulsion. Propulsion efficiency in undulatory swimming
is traditionally studied by means of a heaving and pitching flexible panels [2–7] or wing-shaped
airfoils [8], both with uniform flexibility; for these systems, it has been found that performance
improvement requires a careful selection of the excitation parameters and stiffness. Similarly,
heaving and pitching panels with heterogeneous flexibility show conditional improvement compared
to rigid panels [9]. Rather than passive propulsors, several studies rely on prescribed kinematics
[10–12]; again, it is found that improvement in efficiency depends on the details of the appendage’s
time-dependent shape. A common ground in these previous studies is the focus on chordwise
deformation. There have been rare attempts, with conflicting results, to assess the influence of
spanwise flexibility on performance [13–15].
A simpler yet related biological system, serving as a model system for the aerodynamics
of passive flight, and with potential to shed light on the more complex problem of animal flight
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Figure 1: Tumbling wings: spanwise and chordwise non-uniform wings are released edge-on with zero initial
conditions using an electromagnetic clamp and reach a quasi-steady tumbling behavior.
problem, is seed dispersal. Winged seedpods that tumble or gyrate are known to generate lift
forces that prolong their airborne phase [16]. Such seedpods can be found in a wide variety of
shapes, sizes, and flexibility properties. Historical studies of wings tumbling end-over-end about
their spanwise axis focused on rigid wings [17–19], providing predictions for the falling velocity,
tumbling rate, and mapping the boundaries of the tumbling regime. More recent contributions
gave a detailed account of their time-dependent dynamics [20, 21]. In the only study known to
the authors involving flexible tumbling wings, uniform flexibility was found to be unconditionally
detrimental to tumbling flight [22]; the detrimental effect was attributed to an inertial buckling
instability, akin to the Euler buckling instability of elastic beams, in which aerodynamic effects are
subdued to inertial and elastic forces [22]; the wing buckled and tumbled in its buckled state much
like a rigid curved wing. In contrast, a later study showed that flexibility of freely fluttering plates
could lead to an increase in flight performance [23].
In this work, we used passively tumbling flight as a model system for exploring the effect
of non-uniform wing designs on the flight performance in a regime where aerodynamic effects are
dominant. Particularly, we explored the behavior of wings with non-uniform mass distribution in
the spanwise direction first, then in the chordwise direction. The first design exhibited bending
patterns that were excitable during tumbling and that led to improved flight under conditions
consistent with the empirical observations in [1]. The second showed no bending dynamics but the
mass non-uniformity influenced the moment of inertia of the wings, which in turn affected the flight
performance in non-trivial ways.
Experimental Design
Wing design. We designed two families of rectangular wings of non-uniform mass distribution
but constant total mass m = 1.3 ± 0.05 g and geometry L × W = 12 × 4.2 mm. All wings
were constructed from three identical, flexible, sheets of paper of thickness hf = 0.1 mm, density
ρs = 780 Kg/m
3, and Young’s modulus E = 3.6 Gpa, as measured from dynamic bending tests (see
Supplementary Document). A uniform (control) wing was constructed by uniformly overlaying all
three sheets of paper together to obtain a wing of overall thickness h = 0.3 mm.
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Table 1: Control wing and two families of wings with the same mass m = 1.30 g, planform
L = 12 cm and W = 4.2 cm, but with non-uniform mass distribution in the spanwise direction
(left column) and in the chordwise direction (right column). Wings with spanwise non-uniformity
have the same dimensionless moment of inertia I/ρLW 4 = 3.60 about the tumbling axis, while
wings with chordwise non-uniformity have the same Cauchy number Cy = 0.02, defined as the
ratio of aerodynamic to elastic forces. As the wing stiffness increases, Cy decreases and the wing
approaches a rigid wing.
Non-uniform wings were constructed as follows: starting with a single flexible sheet, discrete
regions either at the outer or middle portions of this sheet were sandwiched between additional
layers of paper composed from the remaining two sheets. These regions are highlighted in grey in
Table 1. In the left column, we describe wings with non-uniform mass distribution in the spanwise
direction. The portions of the wings made of multiple sheets of paper have length Lr and thickness
hr. Mass conservation implies that hL = hfLf + hrLr, where L = Lf + Lr and Lf is the length
of the flexible portion of the wing. The right column of Table 1 shows the geometric properties of
the wings with chordwise mass distribution. The portions composed of multiple sheets of paper
are also indicated in grey and have width Wr.
We computed the Cauchy number Cy = ρL3fV
2
g /16B, defined as the non-dimensional ratio
of the pressure force (ρU2/2)(Lf/2)
3 produced by a flow of speed Vg on the wing and the bending
rigidity B = EWh3f/12 of the wing; see Table 1. Here, we assumed a characteristic velocity equal to
the terminal velocity of a freely falling wing Vg =
√
2ρsgh/ρ, where ρ = 1.20 Kg/m
3 is the density
of air (ρs  ρ). The Cauchy number characterizes the deformation of an elastic solid under the
effect of flow. Larger Cy implies increased flexibility. Wings with spanwise mass non-uniformity
exhibited larger flexibility, while the control wing and the chordwise non-uniform wings were mostly
rigid. We also computed the moment of inertia of these wings about the spanwise axis of rotation.
The moment of inertia remained constant for the wings with spanwise heterogeneity but varied by
nearly one order of magnitude for the chordwise heterogeneous wings.
Flight experiments. We released each wing, edge-on with zero initial velocity, from an electro-
magnetic clamp (Figure 1). All wings settled into an auto-rotating (tumbling) motion at quasi-
constant rotation rate, in a regime well beyond the flutter-to-tumbling transition [18]. Trajectories
were captured using a high-speed camera at 400 frames per second. A mirror was positioned so that
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Figure 2: (a) Control wing tumbles without bending, non-uniform wings with flexible middle bend downwards while
wings with flexible outer edges bend upwards. (b) The non-uniform wings flap back and forth in their own frame of
reference. (c) The downward or upward bending depends on on the ratio of aerodynamic-to-inertial loads. Transition
to buckling at a locked bent configuration occurs when centrifugal forces are dominant [22], in a regime beyond the
parameter values considered here.
the camera simultaneously recorded the side and back views of the wing. Using an in-house image
processing algorithm, we extracted the quasi-permanent rotational velocity Ω, the translational
velocity V , and the angle of descent β between the wing’s trajectory and the horizontal direction
(Figure 1). The values of Ω, V , and β were independent of variations in initial conditions, consis-
tent with previous findings [19, 21]; the values obtained were within the range: Ω = 25-50 rad/s,
V = 1.5-1.9 m/s, and β = 38◦-70◦.
Results and Discussion
Spanwise flexible wings. The control wing tumbled without bending while the non-uniform
wings bent during flight, as evident from the back view of the wings in Figure 2(a). That is to
say, the control wing behaved as a rigid wing under the aerodynamic, gravitational and inertial
loads applied here, while the non-uniform wings did not. Wings with flexible base and rigid edges
flew ‘tip first’, displaying a ‘∩’ shape, while wings with rigid middle sections and flexible edges flew
‘base first’, displaying a ‘∪’ shape when viewed in the frame of reference of the lab. Both exhibited
flapping-like behavior when viewed in the wing’s own frame of reference (Figure 2b). This behavior
differs from the tumbling motion of wings with uniform flexibility, which were reported to buckle
under centrifugal forces and rotate around their spanwise axis at a locked, curved configuration, [22].
In fact, for all the wings we considered, the ratio of centrifugal to elastic forces was below the critical
value delineating the buckling instability [22].
Scaling analysis. The upward or downward bending of the spanwise non-uniform wings is due
to an imbalance between the aerodynamic and inertial moments acting on the deformable portion
of the wing. To verify this statement, we estimated the forces and moments that cause bending
using a scaling argument. Maximum bending occurred when the wing was in its horizontal config-
uration. At this instant, aerodynamic forces act directly upwards and the gravitational and inertial
forces directly downwards, leading to upward bending (∪ shape) when the former are dominant and
downward bending (∩ shape) otherwise. Assuming the wing’s velocity scales as Vg ≈
√
2ρsgh/ρ,
and its deceleration is of the same magnitude as the gravitational constant g (see Supplementary
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Figure 3: Effect of spanwise heterogeneous flexibility on tumbling flight. (a) Wings trajectories. (b) Experimental
flight range and descent angle measurements show that there is a range of tip flexibility (0.3 < Lr/L < 1) associated
with an increase of performance, while the performance decreases for higher tip flexibility and any amount of base
flexibility. (c) Our quasi-steady model correctly, and quantitatively predict the performance decay for large bending;
(d) however, it failed to predict the beneficial window observed in experiments.
document, Figure S.4), we get that, for wings with rigid base and flexible outer edges, the aerody-
namic force acting on the flexible edges scales as ρWLfV
2
g /4 while the gravitational and inertial
forces scale as gρshfWLf . The moment-arm for these forces is Lf/4, that is half the length of
the flexible part on each side. The ratio of aerodynamic to inertial moments is thus given by
Maero/Minertia = h/2hf = 3/2 > 1. We derive a similar criterion for the wings with rigid edges and
flexible base (see Supplementary Document). We get that Maero/Minertia < 1 for our experimental
conditions. The results of this scaling analysis are summarized in Figure 2(c) and have two impor-
tant implications: first, for all non-uniform wings considered here, the ratio (Fcentrifugal/Felastic)
1/4
is indeed below the critical value 4.73 delineating the buckling transition [22]. Second, regardless
of the flexion ratio Lr/L, wings with flexible edges bend upwards (∪ shape) and those with flexible
base bend downwards (∩ shape), consistent with our experimental findings.
Flight performance. We then compared the flight trajectories of the non-uniform wings to that
of the control wing; see Figure 3(a). The control wing exhibited longer flight range (horizontal
distance from initial location) and shallower descent angle than the wings with the widest flexible
sections at either the wing tips or base. The control wing descended at an angle β ≈ 43◦ and
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Figure 4: Quasi-steady aerodynamic model based on blade-element theory. The wings are idealized as an articulated
set of rigid panes: two panes for wings with flexible middle and three panes for wings with flexible edges. The spring
stiffness at the hinges is adjusted to emulate the wing’s bending stiffness. The flapping motion of the panes relative
to the wing’s rotating frame of reference (attached to its center of mass G) modifies the relative wind −v and the
angle of attack α of the moving panes, and thus the wing’s aerodynamic behavior.
reached x ≈ 1 m whereas β ≈ 52◦ and x ≈ 0.7 m for the wing with maximum flexible area at the
outer edges and and β ≈ 66◦ and x ≈ 0.4 m for the wing with the widest flexible base. However,
the control wing was itself outperformed by a wing with flexible outer edges and Lr/L = 0.75; the
latter exhibited a shallower descent angle (β ≈ 39◦ is about 5◦ smaller than that of the control
wing) and larger flight range (x ≈ 1.15 m is about 15% larger than that of the control wing). To put
this result in perspective, we compared the flight performance of rigid wings of the same dimensions
but different weight. We found that in order to obtain the same improvement in performance with
a rigid wing, its weight would have to be reduced by half!
More generally, the position and spanwise extent of the flexible regions determined flight
performance of the wings. Each of the spanwise non-uniform wings described in Table 1 was tested
seven times to determine mean values of their descent angles and flight ranges; see Figure 3(b). We
found that wings with a flexible base, irrespective of the flexion ratio Lr/L, exhibited diminished
flight characteristics (descent angle and flight range) in comparison to the control wing. However,
wings with flexible outer edges outperformed the control wing for a wide range of flexion ratio
0.25 . Lr/L < 1, showing up to 15% improvement in flight range, with optimal performance for
Lr/L = 0.75. Interestingly, this ratio agrees with the empirical observations of Lucas et al. [1] on
the flexion ratio amid animal propulsors for swimming and flying organisms. This finding supports
the hypothesis that improved aerodynamics may be an important selective force in the evolution
of animal propulsors.
Comparison to quasi-steady models. We next compared the experimental results to pre-
dictions obtained from a quasi-steady mathematical model. For the spanwise flexible wings, we
idealized the wing as articulated rigid panes (Figure 4). The panes flap back and forth about
hinges located at the wing’s midspan x = 0 for base-flexible wings, or at x = ±Lr/2 for tip-flexible
wings, and endowed with torsional springs of stiffness chosen to emulate the wing’s overall flexi-
bility. The flapping motion is entirely slaved to the aerodynamic and inertial forces acting on the
panes and is resolved dynamically, together with the wing’s translation and rotation. To calculate
the aerodynamic forces, we determine the instantaneous local relative wind −v at each section
along the span based on the wing’s translation and the motion of segment relative to the wing’s
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center of mass. Underlying the model is the idea that the change in relative wind, and therefore,
in angle of attack α, modifies the local aerodynamic forces, drag and lift, on each section, and thus
the global aerodynamics of the wing. The model and its validation are described in more detailed
in the Supplementary Document.
Figure 3(c) shows the behavior for two selected wings, corresponding to the two most flexible
cases for either base-flexible or tip-flexible wings. The model correctly predicted the significant
decrease of performance for these two cases. Figure 3(d) shows the wing’s performance over the
entire range of Lr/L considered in our experiments. Notice the gradual deterioration in performance
as Lr/L decreases. In contrast to the experimental results, no wing was found to outperform the
rigid control Lr/L = 1. That is to say, the model accurately captured the detrimental effect of
flapping for wings with large flexibility, but it failed to reproduce the positive impact of moderate
tip flexibility that we observed in experiments. This led us to believe that the interaction between
tip-flexibility and the flow is more subtle than what can be captured by a quasi-static, quasi two-
dimensional model. To explain the enhancement in performance by tip-flexible wings, we explored
three possible mechanisms for drag reduction.
Candidate mechanisms for drag reduction. We explored the effects of planform reduction,
streamlining, and wingtip vorticity on drag reduction. The planform decreases when the wing
bends, regardless of where the bending occurs. Since both lift and drag forces are proportional to
the wing’s projected area [24], we expect the the lift-to-drag ratio, and thus the flight performance,
to be roughly independent of planform reduction. Streamlining, or shape reconfiguration of flexible
structures in response to fluid flows, is known to induce a reduction in drag that grows with
increasing flow speed [25–28]. Thus, we expected wings with flexible tips that deform away from
the incoming flow to experience reduced drag and wings with flexible middle that deform towards
the flow to experience increased drag [29]. Further, we expected drag reduction in tip-flexible wings
to monotonically improve with increasing flexibility, and to monotonically worsen in middle-flexible
wings. The latter holds true in our experiments, but the change in performance in tip-flexible wings
is not monotonic: as the flexion ratio decreases, the performance reaches an optimum then decreases
below the control level, suggesting that streamlining, while at play, may not be the right lead to
understand the improved performance in tip-flexible wings.
By shifting focus exclusively to wings with flexible tips, we next explored a novel mechanism
that links drag reduction and aerodynamic flows around a fluttering wingtip. This phenomenon
is independent of the wing’s autorotation and represents a more general trait of wings possessing
flexible tips.
Flutter-induced drag reduction. We designed wind tunnel experiments to investigate whether
the wings are subject to aerodynamic flutter, and how flutter affects the flow around the wing tip.
Since flutter happens at higher frequencies than the wing’s tumbling frequency, we posit that
flutter can be analyzed independently of the wing’s rotation. In a custom-made wind tunnel (see
Supplementary Document), we placed half-wings at a constant, non-zero, angle of attack α (in the
range 9-24◦) in an oncoming uniform flow at steady speed V , as shown in Figure 5(a). Using high-
speed photography and particle image velocimetry (D-PIV), we quantified the flow in a vertical
plane perpendicular to the direction of oncoming flow and located at a distance 26 mm (about 60%
of the chord) downstream from the wing. A representative velocity field is shown in the top panel
of Figure 5(b) and the associated vorticity is shown in the inset of Figure 5(a) for V = 2 m/s. The
bottom panel of Figure 5(b) was obtained at a lower speed V ≈ 0.1 m/s only for the purpose of
providing a qualitative visualization of the flow downstream of the wing; note the distortion of the
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Figure 5: Flutter-induced drag reduction quantified in wind tunnel experiments: (a) half-wings are set at constant
angle of attack α in a low-speed wing tunnel with uniform flow V . (B) top panel: D-PIV velocity field highlighting the
vortex-induced downwash, that we quantify in terms of the circulation Γ; bottom panel: qualitative, very low-speed
visualization of the wing tip vortex. (C) Vortex circulation in the presence of strong flutter at high flow speed (full
symbols) is significantly smaller than for weak flutter at low flow speed (open symbols): we observe a deficit of up to
30% for high-speed, large flutter cases.
upstream honeycomb pattern by the wing. Figures 5(a,b) indicate the presence of a well-formed
wingtip vortex, induced by the pressure difference between the lower and upper surface of the wing.
Wingtip vortices [30] are known to be detrimental to flight because they induce additional drag due
to the “downwash,” an additional down-facing component to the velocity field, downstream from
the wing’s trailing edge [31,32]. Downwash is clearly visible in Figure 5(a). The downwash-induced
drag increases with angle of attack and decreases with aspect ratio, and it contributes significantly
to the total drag acting on the wing [7].
We tested experimentally whether flutter due to wing tip flexibility decreases downwash and
therefore downwash-induced drag. To this end, we considered that the circulation intensity Γ of the
wingtip vortex is a reasonable integral measurement of the downwash: larger Γ indicates stronger
downwash and larger downwash-induced drag. To quantify the influence of tip flutter on downwash,
we measured both the flutter amplitude and the circulation Γ at two flow speeds V = 1 m/s and
V = 2 m/s using the same set of wings employed in the tumbling flight experiments and at various
angles of attack. At V = 1 m/s, we observed little or no deflection for all wing tips. At V = 2.0
m/s, we obtained significantly higher amplitudes of tip flutter, in the range 2−30 mm (aerodynamic
forces scale as V 2). Note that the translational speed observed in the tumbling flight experiments
is greater than V = 1.5 m/s and suggest the presence of moderate flutter. For each wing, angle of
attack, and flow speed, we calculated Γ using a time-averaged version of the measured flow field
with time-average window of 0.5 s, corresponding to about six flutter periods of the most flexible
wing. For this range of oncoming flow speeds and associated Reynolds numbers, the two-fold
increase in V has little to no effect on the flow topology, as suggested by [33, 34], and Γ scales as
VW for a rigid wing [30]. We thus used Γ/VW as a non-dimensional measure of the circulation.
Figure 5(c) shows that data for V = 1.0 m/s (weak flutter) collapse well on a master curve well
fitted by Γ/(VW ) = 0.88 sin(α) for all angles of attack. However, data for V = 2.0 m/s (strong
flutter) are 10% to 30% lower than the master curve (15% deficit curve is shown for reference).
These results suggest that tip flutter induces a substantial decrease of wing tip vortex downwash,
which decreases the amount of induced drag and therefore improves the wing’s performance.
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Figure 6: Effect of chordwise mass heterogeneity on tumbling flight. (a-b) Wings trajectories and flight range
measurements show that larger moment of inertia around the tumbling axis lead to smaller flight range. (c) The
performance change is due to a longer transient resulting from the increase of moment of inertia, in excellent agreement
with simulations (thick grey line) and scaling arguments (black line).
Chordwise-heterogeneous wings. To complete our analysis of the behavior of non-uniform
wings, we investigated the effect of changing the mass distribution chordwise; see right column of
Table 1. This chordwise non-uniformity did not induce wing deformations under the aerodynamic
and gravitational loads considered here. However, the dimensionless moment of inertia I varied by
nearly one order of magnitude. We thus anticipated that it would have a substantial effect on the
flight behavior.
In Figure 6(a), we compared the behavior of two representative wings to the control wing.
The wing’s layout had a clear effect on the flight range: wings with the heavier portions located
away from the center of rotation (larger moment of inertia, ) showed smaller flight range, while
wings that are heavier closer to the center (smaller moment of inertia, ) showed improved perfor-
mance. This is supported in Figure 6(b) by the monotonic trend observed for each family of wings.
Interestingly, the terminal descent angles of all wings is identical (43±1◦), which suggests that the
wing’s layout primarily affected the duration of the transient regime.
To corroborate this assumption, we measured the duration of the transient regime, defined
as the time needed for the wing to reach a phase-average value within 2◦ of the terminal descent
angle. The results are shown in Figure 6(c) as a function of the wings’ moment of inertia. Clearly,
wings with heavier outer portions (larger moment of inertia) exhibited significantly longer transient
periods than the control, while wings with heavier middle portion (lower moment of inertia) showed
shorter transience. We then used our quasi-steady model to provide a prediction of the trajectory,
flight range and transient duration for all tested wings (thick grey lines in Figure 6(a-c). We
obtained excellent agreement with the experiments by only changing the moment of inertia to
match that of the actual wings. Taken together, these results demonstrate that the wing’s flight
range depends on the duration of the transient regime, which in turn is directly related to the
wing’s moment of inertia.
A peculiar characteristic of the flight characteristics is the sharp decrease in flight range for
wings with thicker edges, particularly evident for Wr/W < 0.4 (Figure 6b). This is correlated with
a sharp increase in the duration of the transient regime (Figure 6c). In contrast, we only observed
gradual changes for wings with thick middle, which suggests that the detrimental effect of moment
of inertia progressively vanishes as the latter decreases.
This transition happens when the process governing the transient regime changes: for small
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moment of inertia, linear momentum is limiting, while for large moment of inertia, angular momen-
tum is limiting. A simple scaling argument (see Supplementary Document for further details) shows
that when linear momentum is dominant, the duration of transient regime is independent of the non-
dimensional moment of inertia I/ρLW 4, whereas when angular momentum is dominant, the tran-
sient time scales linearly with I/ρLW 4. A transition is expected when the two time scales are equal,
which corresponds to a non-dimensional moment of inertia (I/ρLW 4) ≈ (piρsh/8ρW )St−1 ≈ 4.0.
This prediction is in good agreement with the experimental data in Figure 6(c).
Conclusion
We investigated the flight characteristics (flight range and descent angle) of wings of the same mass
1.3 g and planform 120× 42 mm, but non-uniform spanwise and chordwise mass distribution. We
analyzed the behavior of these wings by means of flight experiments, quasi-steady mathematical
models, scaling analysis, and wind-tunnel experiments.
The non-uniform mass distribution in the spanwise direction caused heterogeneous changes
in the wing’s flexibility. Wings with flexible middle experienced diminished flight compared to the
control wing, whereas wings with flexible edges exhibited an improvement in flight performance for
a range of flexion ratios. Interestingly, optimal performance was observed at flexion ratios consistent
with the universal two-third bending rule reported in [1] for a broad spectrum of animal propulsive
appendages. Closer investigation of the mechanisms leading to this improvement in performance
points to flutter-induced drag reduction caused by a reduction in wing-tip vorticity around these
flexible appendages. This phenomenon is independent of the wings’ auto-rotation; it is expected to
hold as a universal mechanism for drag reduction around all flexible appendages.
To complete this study, we examined the effect of chordwise mass heterogeneity. The non-
uniform mass distribution in the chordwise direction led to first-order changes in the wing’s moment
of inertia, with larger moment of inertia inducing longer transience before settling into periodic
tumbling, thus leading to shorter flight range.
Taken together, these findings have important implications on the optimal design of tumbling
wings assigned the task of transporting a given load (mass) the farthest distance possible. To
improve its flight range, the wing would have to distribute its mass non-uniformly such that the
wing’s tips are flexible and its moment of inertia is minimal. That is to say, the wing would have
to concentrate most of the mass at the center, exactly the design observed in several tumbling
seedpods such as in the seedpods of Ailanthus altissima [35].
To conclude, we note that while we only showed experimental data for one planform and
wing thickness, the results presented here are valid for a wide range of parameters. Specifically, we
repeated the experiments for wings of various mass and planforms and found identical trends: an
improvement in flight performance for wings with moderate tip flexibility.
Since flexibility plays a key role in bio-inspired soft robotics [36–38] and tissue-engineered
systems [39,40], we expect our methods to provide a framework from which to understand and design
flexible appendages that flap actively to generate propulsive forces. Our findings suggest that it is
beneficial to engineer propulsors with flexible outer edges that do not directly contribute to active
force generation, but that indirectly, through fluid interactions, enhance the overall performance of
the propulsor [41].
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A Scaling analysis: Spanwise non-uniform wings
We present here a general argument of bending direction, valid for wings made of n + 1 layers of
paper (n = 2 in our work), each of thickness hf . We derive the calculations of bending moments for
both types of spanwise non-uniform wings: flexible middle and flexible tips. The wing is subject,
on average, to a relative wind equal to the terminal velocity Vg ≈
√
2ρsg(n+ 1)hf/ρ, while its
velocity changes with time with a typical acceleration/deceleration that is approximately equal
to the free-fall acceleration g, in agreement with experimental data (see Figure 10b). Maximum
bending occurs when the wing is horizontal. At this instant, the aerodynamic force acts directly
upwards and the gravitational and inertial forces directly downwards.
(a)
Maero
Minertia
g
Lf /2
Vg
(b)
Maero
MinertiaL/2
gVg
Lf /2
Lr /2
Figure 7: (a) Details of aerodynamic and inertial loads on wings with (a) rigid base and (b) flexible base. The
downward or upward bending depends on the ratio of aerodynamic-to-inertial loads.
For wings with rigid base and flexible edges, see Figure 7(a), the aerodynamic force acting
on (one) flexible edge of length Lf/2 scales as
1
2ρW (Lf/2)V
2
g and has a moment arm Lf/4, which
creates the following aerodynamic moment:
Maero =
1
2
ρW
L2f
8
V 2g = ρsgW
L2f
8
(n+ 1)hf (1)
Following a similar argument, the inertial moments, from weight and wing’s inertia, is:
Minertia = ρs(a+ g)W
L2f
8
hf (2)
The ratio of aerodynamic to inertial moments is:
Maero
Minertia
=
n+ 1
1 + a/g
≈ 3
2
> 1 (3)
resulting in upward deflection.
For wings with flexible base and rigid edges, see Figure 7(b), we write the balance on the full
half-wing of length L/2. The aerodynamic moment about the wing’s middle is:
Maero =
1
2
ρW
L
8
V 2g = ρsgW
L2
8
(n+ 1)hf (4)
The inertial moment consists of two contributions: that of the base layer, spanning the entire half-
wing (moment arm L/4) , and that, of the rigid sides made of the n folded layers (moment arm
Lf/2 + Lr/4). Combining the two contributions:
Minertia = ρs(a+ g)
L2
8
Whf
[
1 + n
(
2− Lr
L
)]
(5)
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Figure 8: Model and wing idealization for the blade-element theory for (a) the rigid wing (control),
(b) wings with flexible tips, and (c) wings with flexible base.
The ratio of moments is:
Maero
Minertia
=
n+ 1
(1 + a/g) [1 + n(2− Lr/L)] ≈
3
2(1 + 2(2− Lr/L)) < 1 for Lr/L < 7/4 (6)
Downwards deflection is guaranteed for all attainable values of flexion ratio (0 < Lr/L ≤ 1). This
scaling analysis predicts the direction of bending but does not predict the bending amplitude.
B Control wing: quasi-steady force model
Wing kinematics. The wing tumbles in a vertical (x, z)-plane, where the x-axis defines the
horizontal flight range and the z-axis points vertically upward. It is convenient to introduce an
inertial frame of reference (ex, ey, ez) and an orthonormal auto-rotating frame (xˆ, yˆ, zˆ) attached to
the center of the wing, where xˆ and yˆ are unit vectors along the chordwise and spanwise directions.
The center of mass of the wing can be described by the position vector r = xex + zez,
its translational velocity is v = x˙ex + z˙ez, which can be written in the co-rotational frame as
v = vxxˆ + vzzˆ. Equivalently, we can rewrite v = v(cosαxˆ + sinαzˆ), where α is the angle of attack
α between the velocity vector v and the xˆ-direction and v = ‖v‖ is the translational speed of the
wing. The wing rotates at an angular velocity θ˙ about the yˆ-direction. Here and thereafter, we use
the dot notation (˙) to denote differentiation with respect to time.
Balance laws. We write the balance of linear and angular momenta on the wing using a quasi-
steady aerodynamic force and moment model (see, for example, [21])
mv˙ = mg + FL + FR + FD,
Iθ¨ = TL − TD.
(7)
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Here, m is the total mass of the wing, I its moment of inertia about the spanwise yˆ-direction,
and g = −gez is the gravitational acceleration, pointing vertically downwards. The aerodynamic
forces acting on the wing consist of a drag force FD parallel to −v and translational and rotational
lift forces FL and FR perpendicular to −v; see the bottom panel of Figure 10(a). Specifically, we
have
FD = −FD v‖v‖ , FL = −FL
v⊥
‖v‖ , FR = −FR
v⊥
‖v‖ , (8)
where v⊥ = v(− sinαxˆ + cosαzˆ) is perpendicular to v. The aerodynamic moments act about the
yˆ-direction and can be decomposed into a moment TL induced by the lift forces and a dissipative
moment TD.
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Figure 9: (a) Forces and torques acting on the wings in our quasi-steady model. (b) The drag and
lift coefficients used in our quasi-steady model (solid lines) are fitted to existing experimental data
for fixed plates at comparable Reynolds number [34,42–44].
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Figure 10: (a) Trajectory, (b) velocity and (c) tumbling rate of the control rigid wing, predicted
(thick grey line) and experimental (dotted black line). The inset in (b) shows the time-dependent
linear acceleration: the wing experiences maximum accelerations and decelerations of the order of
g = 9.81 m/s2 throughout its flight. The prediction faithfully predicts the characteristics of the
permanent regime as well as fine features of the transient regime.
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Aerodynamic force model. The magnitude of the drag force FD, translational lift FL, and the
rotational lift FR are given by
FL =
1
2
cL(α)ρLWv
2, FD =
1
2
cD(α)ρLWv
2, FR = ρΓRv. (9)
Here, the drag and lift coefficients cD(α) and cL(α) are not known apriori. To obtain their de-
pendence on α, we analyze and extract the functional form of cD and cL from data of drag and
lift coefficients found in the literature for comparable Reynolds numbers [34, 42–44], as shown in
Figure 9(b), but we allow the pre-factor scaling each function to be an adjustable parameter.
Specifically, we let CL and CD, corresponding to the maximum lift and maximum drag be these
adjustable constants, as shown in Figure 9(a).
The wing’s rotation generates a circulation ΓR proportional to the tip velocity Wθ˙ and the
wing’s chord W [20, 21]; Specifically, one has ΓR =
1
2CRW
2θ˙, where CR takes a constant value,
independent of the angle of attack α. According to the Kutta-Joukowski theorem, the magnitude
of the associated rotational lift is FR = ρΓRLv as noted in (9).
Torque model. The rotational torque results from the translational lift force along the span
TL = eWFL
α
|α| . (10)
Here, e is a parameter representing the lever arm of the lift force, expressed as a fraction of the
chord W [21]. This torque can be driving or hindering the wing rotation depending on the sign of
α. The dissipative torque takes the form
TD = µρLW
4θ˙|θ˙|, (11)
where µ is an adjustable parameter [21, 22]; in the quasi-permanent tumbling regime, TD and TL
balance each other on average every half-revolution.
Adjustable parameters To close the model (7), we need to estimate the non-dimensional pa-
rameters CD, CL, CR, e, and µ. We used the values given in [21] as initial guess. Then, we adjusted
these parameters in order to match the characteristics parameters of the descent of a rigid wing,
namely the descent angle, time-dependent velocity v and instantaneous rotational velocity θ˙. We
get CL = 1.12, CR = 0.94, CD = 2.07, e = 0.18 and µ = 0.024. These values remain constant
throughout this document. Finally, to reconstruct the full dynamics from (7), we need to specify
initial conditions for the position, linear velocity, pitch orientation and angular velocity. Here, we
have (x, z)=(0,0), v(0) = 0, θ˙(0) = 0 and θ(0) = −90◦ + ε, where ε is fixed at 0.7◦ for all tests.
Model validation Figure 10(a-c) shows that the time-integration of our system of equations (7)
with these parameters value is in excellent agreement with experimental data for the control (rigid)
wing: trajectory, velocity and angular velocity all match quantitatively.
C Spanwise non-uniform wings: blade-element models
Wings with flexible outer edges. The wing model consists of three articulated rigid panels (or
‘blades’): two identical outer panels of length Lf/2 and thickness hf and a middle panel of length
Lr and thickness hr, all of width W . Each outer panel is connected via a hinge joint along one edge
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Model CL CR CD e µ K ks
Rigid 1.12 0.94 2.07 0.18 0.024 - -
Flexible tips 1.12 0.94 2.07 0.18 0.024 8EJ/Lf 4.5× 10−5Lf/2
Flexible middle 1.12 0.94 2.07 0.18 0.024 4EJ/Lf 4.5× 10−5Lf
Table 2: Model parameters
to the middle panel and free to rotate about that edge as shown in Figure 8(b). To emulate the
wing’s elasticity, the hinge joints are equipped with torsional springs of constant stiffness K. The
stiffness K depends on the wing’s layout, geometry, and material properties as detailed in section D
and summarized in Table 2. The outer panels rotate symmetrically relative to the middle; their
relative rotation angle is denoted by γ. The wing deflection is related to γ; the maximum deflection
ζ is given by ζ = (Lf/2) sin γ. .
As in the case of the control wing, an auto-rotating frame (xˆ, yˆ, zˆ) is attached at the center
of the middle panel. The vector v denotes the translational velocity of the center of the middle
panel, whereas θ˙ denotes the angular rotation of the middle panel about yˆ. The angular velocity
vector of the outer two panels is given by θ˙yˆ + γ˙xˆ. It is convenient for computing the aerodynamic
forces and moments acting on the wing to introduce the velocity vector vr such that vr = v on
the middle panel and vr = v + sγ˙(cos γzˆ ± sin γyˆ) along the outer panels. Here, s is a spanwise
distance measure from the hinge joint.
The motion of the deformable wing is thus described by four degrees of freedom: two as-
sociated with the translational motion of the center of the middle panel, one associated with the
tumbling rotation, and one associated with the deflection of the outer panels.
Equations (7) provide three scalar equations of motions for the translational and tumbling
motion of the wing. To compute the aerodynamic forces in (7), we assume that each section of the
wing is subject to local drag fD and translational lift fL densities (forces per unit length), that vary
along the span of the wing. Specifically, we have
fL = −fL v
⊥
r
‖vr‖ , fD = −fD
vr
‖vr‖ , (12)
where
fL =
1
2
cL(αr)ρWv
2
r , fD =
1
2
cD(αr)ρWv
2
r . (13)
Here, the angle of attack αr is defined as the angle between vr and the wing’s pitch (xˆ-axis), and
it is a function of the section of wing under consideration, as shown in Figure 8(b). The total drag
FD and translational lift FL are obtained by integrating these force densities along the span of the
wing (d` is an infinitesimal distance along the span of the wing)
FL =
∫ L
0
fLd`, FD =
∫ L
0
fDd`. (14)
Similarly, the rotational torque TL is calculated as the integral of a torque density (applied by the
translational lift force) along the span:
TL =
∫ L
0
eWfLαr/|αr|d`. (15)
The expressions for the remaining forces and moments in (7) are the same as described previously.
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In addition to (7), we need to formulate an equation of motion for γ. To this end, we write
the balance of angular momentum on one of the outer panels. We have
Ix
d2γ
dt2
=Maero +Minertia +Mcentrif +Melastic +Mdissip. (16)
Here, Ix = ρshfW (Lf/2)
3/3 is the moment of inertia of the outer panel about an axis along the
hinge joint connecting it to the middle segment. The aerodynamic moment Maero is given by
Maero =
∫ Lf/2
s=0
[s(cos γyˆ + sin γzˆ)× (fL(s) + fD(s))] · xˆds, (17)
where s = 0 corresponds to the location of the wing’s hinge joint.
The moment Minertia induced by the inertia (weight and acceleration) of the outer panel is
given by
Minertia = −1
2
(g cos θ + v˙r.ez)ρshfW
(
Lf
2
)2
(18)
The centrifugal moment Mcentrif induced by the wing’s rotation can be approximated by
Mcentrif ' 1
3
ρshfWθ˙
2 sin γ
(
Lf
2
)3
(19)
The moment Melastic = −Kγ is the restoring elastic torque imposed by the torsional spring, and
the moment Mdissip = −ksγ˙ accounts for all dissipation sources other than aerodynamic.
Wings with flexible middle. The model consists of two rigid panels of non-uniform thickness
connected along one edge in the middle and free to rotate relative to each other about that edge, as
shown in Figure 8(c). Similar to the wings with flexible outer edges, we use a blade element model
to compute the aerodynamic forces and moments applied on the wing. For wings with flexible
middle:
Maero =
∫ L/2
s=0
sf⊥(s)ds (20)
Minertia = −(g cos θ + v˙.z)ρsWhf [L2f + (2/λ+ 1)(L2 − L2f )]/8 (21)
Mcentrif ' ρshfWL3θ˙2 sin γ [λ(5λ− 3) + 1] /24 (22)
where λ = Lr/L. In this case, s = 0 is at the wing’s middle and the half wing’s moment of inertia
is Ix = ρsWhf/24
[
(2/λ+ 1)L3 − (2/λ)L3f
]
.
D Measuring wing’s stiffness and damping parameters
The torsional spring constant K and the damping coefficient ks are adjusted to fit that of a real
wing. We calculate an equivalent K so that the tip deflection ζ is identical for both the simplified
and the continuous wing. We define the quantity Lˆ as the length of the uninterrupted flexible
portion: Lˆ = Lf/2 for wings with flexible tips, and Lˆ = Lf for wings with flexible middle. For
a cantilever beam with uniformly distributed load, tip deflection is given by ζ = qLˆ4/8EJ , where
q is the load per unit length, E is the Young’s modulus, and J = Wh3f/12 is the second moment
of area . For our idealised beam, ζ = sin(γ)Lˆ; and torque balance for load q yields: Kγ = qLˆ2/2
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leading to q = 2Kγ/Lˆ2. Substituting into the expression for ζ and assuming small deflection for
which sin γ ' γ, we get the following expression for the spring constant
K =
4EJ
Lˆ
=
EWh3
3Lˆ
, (23)
To measure E, we performed mechanical tests as illustrated in Figure 11. Namely, we clamped
the rigid part of each wing while letting the flexible part free, then subject the latter to an initial
bending and observe its relaxation. Figure 11(c-d) shows the response of the flexible parts of two
wings characterized by Lf/2 = 30 mm, and Lf/2 = 57.5 mm to an initial bending ζ ' 15 mm.
From these oscillograms, one clearly see the natural frequency fn and the decay of the oscillatory
motion. The natural frequency can be utilized to extract the Young’s modulus E using the following
theoretical prediction from beam theory [45]:
fn =
1.8752
2pi
√
EJ
ρALˆ4
, (24)
where A = hW designates the wing’s cross section. For both wing types, we obtained E = 3.6±0.5
Gpa, in good agreement with values of the literature [46]. Additionally, we used the one-hinge model
to predict the dynamics of the wing tip (blue line in Figure 11c-d), and matched the decay of the
oscillation amplitude for two lengths. Using the previously determined spring constant K from the
young’s modulus E, and barring the adjustment of the damping coefficient ks = 4.5 × 10−5Lf/2,
the agreement between prediction and experiment is excellent.
E Low-speed wind tunnel
We designed a low-speed wind tunnel with a 17 × 17 cm cross-section, see Figure 12(a). The air
was supplied by an annular fan (Dyson, AM06) with controllable power from 1 to 10, allowing
a mean velocity from 0.67 m/s to 3.0 m/s, respectively. For Particle Image Velocimetry (PIV)
experiments, the air was seeded with a cloud of smoke generated by a commercial fog machine
(1byone O00QL-0041) at the center of the fan. A high-speed camera equipped with a 60 mm macro
lens was used to acquire PIV-ready images, which are processed using Matlab and the open-source
app PIV lab [47]. The setup allowed both front and side optical access, through the outlet for front
views, and a 30×15 cm plexiglass window for side views. The front view was used in the tip vortex
experiments described in the main document, while the side view enable us to check the quality of
the flow. Figure 12(b) shows a typical snapshot obtained with PIV (averaged over 120 individual
snapshots, δt = 0.7 ms) of the flow over a half-wing (length = 80 mm, chord = 42 mm). Velocity
profiles taken upstream the wing showed a reassuring, regular plug flow, and a gradually fading
dip betraying the wing’s presence for various downstream locations. Flow fields for other flow rates
show similarly good characteristics.
F Scaling Analysis: chordwise non-uniform wings
We provide here predictions of the duration of the transient regime for chordwise-heterogeneous
wings in the two possible regimes we identified in the main document: when linear momentum is
dominant and when angular momentum is dominant.
When change in linear momentum is the limiting factor, we expect the duration of the
transient regime to be set by the time needed to reach the terminal descent angle β, from an
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initial angle β0. For our experiments, β0 ≈ 90◦ and β ≈ 45◦ , giving a target deflection ∆β =
|β − β0| ≈ 45◦, typical of tumbling wings [48]. We now make the crude approximation that the
deflection is solely due to the lift force FL ≈ 12ρLWV 2g , perpendicular to the wing’s trajectory by
definition. The resulting circular trajectory has a radius R = mV 2g /FL = 2(ρs/ρ)h, and the target
deflection is met after a trip of length ` = 2piR(∆β/360). Making the rough assumption that the
velocity V along this arc is constant and equal to Vg, we obtain the (transient) travel duration:
τlinear = `/Vg ≈ (pi∆β/180)
√
ρs/ρ
√
2h/g ≈ 0.16 s for our values for ρs, ρ, and h. This scaling law
is independent of the non-dimensional moment of inertia I/ρLW 4.
Conversely, when the effect of moment of inertia is dominant, we expect the build-up of
angular momentum to be the limiting factor. The duration of the transient regime is then set
by the time needed to reach the terminal Strouhal number (non-dimensional tumbling rate) St =
ΩW/2pi/Vg. For our experiments, St ≈ 0.15, a value typical of tumbling wings [19,21,49]). Ignoring
the dissipation terms, the balance of angular momentum during the transient regime can be simply
written as: Iθ¨ ≈ WFL, where the right-hand side corresponds to the torque generated by the
lift force assuming a moment arm scaling as W . Replacing the time derivative by the associated
time and angular velocity scales (Iθ¨ ≈ Ω/τangular), we obtain the transient duration: τangular =
4piSt(I/ρLW 4)(W/Vg).
A regime transition is expected when τlinear ≈ τangular, which corresponds to a non-dimensional
moment of inertia (I/ρLW 4) ≈ (∆β/360)(ρs/ρ)(h/W )St−1 ' 4.0, in good agreement with our ex-
periments.
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Figure 11: Mechanical characterisation of the flexible wings. (a-d) Experimental determination of
the natural frequency fn, leading to the Young’s modulus E using tip deflection predictions of fn
using beam theory. (c-d) are space-time diagram of the wing tip relaxation dynamics for (c) Lf/2
= 30 mm and (d) Lf/2 = 57.5 mm and an initial deflection of ζt=0 ' 15 mm. Extraction was
performed in a direction normal to the equilibrium position, shown in (a-b). (e) Estimation of the
friction-related damping coefficient ks in the one-hinge model. Predicted tip dynamics is shown in
blue in (c-d).
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Figure 12: Low-speed wind tunnel. (a) global view of the setup. (b) Average streamwise velocity field (∆t = 0.7 s)
at the wing’s midspan obtained by Particle Image Velocimetry, and corresponding velocity profiles at various locations
along the streamwise direction. The wing has a 5◦angle of attack. The grey area shows the shadow cast by the wing,
where the data is unavailable.
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